We provide new very simple and compact expressions for the efficient calculation of gravitational lens optical scalars for Kerr spacetime.
INTRODUCTION
Black holes without intrinsic angular momentum are well represented by the Schwarzschild vacuum static spherically symmetric solution. The weak lensing of these geometries have been extensively studied; in particular in terms of approximations based on formalisms using scalars, and the pro-E-mail:boero@famaf.unc.edu.ar † E-mail:moreschi@fis.uncor.edu jection of mass distribution on the plane of the thin lens modelSchneider et al. (1992) ; Petters et al. (2001) . It is generally believed that more general lenses distributions can be discussed in the weak field regime by linear combination of the effect produced by the Schwarzschild solution; however it is known that these type of approximations miss general relativistic interesting systemsGallo & Moreschi (2011); Boero & Moreschi (2018) over flat or cosmological backgrounds. In particular these models do not describe the Kerr gravitation lens as we mention below. The presence of angular momen-tum delivers new difficulties for the program of dealing with a lens equation in terms of expressions involving a notion of bending angle; which has been emphasized in several works, for example Aazami et al. (2011a,b) and also Renzini et al. (2017) ; Werner & Petters (2007) ; Sereno & De Luca (2006) . Furthermore, the lens optical scalars can not be obtained from a scalar function such as the lens potential employed in the standard formalism Schneider et al. (1992 Schneider et al. ( , 2006 .
When the black holes have angular momentum, their geometries are adequately represented by the Kerr vacuum stationary axisymmetric solutions. In the case of supermassive black holes with angular momentum; the surrounding matter could be considered as a first order test field contribution on Kerr spacetime. But in these situations the methods on gravitational lens based on the projection of mass distribution on the plane of a thin lens do not work. This is mainly due to the fact that the component of the Weyl curvature in the frame adapted to the observed photon null geodesic, reveals the expected spin 2 gravitational nature; which in the spherically symmetric case can be circumvented. This point is particularly important in works calculating the image of a black hole with angular momentum, as are those related to the publications of the Event Horizon Telescope CollaborationAkiyama et al. (2019a,b,c,d,e,f) .
The Kerr metric is not only important from the formal point of view, for being the vacuum solution for stationary black holes with angular momentum; but also because any isolated black hole with angular momentum, independently of its origin, is expected to decay rapidly to the geometry described by the Kerr vacuum solution of the Hilbert-Einstein equationsCarter (1971) . For this reason the Kerr metric has captured the interest of the community to extend the lens formalism for the study of weak lensing effects in black holes with angular momentum and has motivated the appearance of worksCunningham & Bardeen (1973) ; Bray (1986); Asada & Kasai (2000) ; Asada et al. (2003) ; Sereno & De Luca (2006) ; Werner & Petters (2007) ; Gyulchev & Yazadjiev (2008) ; Iyer & Hansen (2009) ; Kraniotis (2011) ; Renzini et al. (2017) on the subject.
In this work we present a new result which is a convenient expressions to calculate exact gravitational lens optical scalars in the Kerr spacetime. From the mathematical point of view, one is interested in the problem of solving the null geodesic equation, of the observed photons, together with the geodesic deviation equation for arbitrary position of the observer, instead to rely on approximations based on linearized gravity. For a vacuum spacetime, as Kerr, the geodesic deviation equation can be expressed in terms of the component Ψ0 of the Weyl curvature, with respect to the geodesic frame using the GHP notationGeroch et al. (1973) ; for which we have obtained a very compact exact expression. We explain below how this component is calculated.
We also present a detailed discussion of the observational setting that an stationary observer should use, which is a convenient way to describe the formation of images and the distortion effects by means of the optical scalar. Our work includes a construction of a frame for the observer which is based in the unique null geodesic passing by the observer spacetime event, belonging to the center of mass null geodesic congruenceArgañaraz & Moreschi (2019) . We claim that such choice is very helpful since it provides a clear way to identify a notion of 'center' for the black-hole in the sky of the observer. This is particularly useful when comparing observations of systems with diverse angular momentum and different inclination angles of observation.
We apply our construction to the case of a supermassive black hole where the mass and angular momentum are taken from that found in galaxy M87; although we use an arbitrary inclination of the angular momentum with respect to the line of sight.
This article is organized as follows. For completeness, in section 2 we recall the set of equations that are needed for the exact calculation of the lens effects. In section 3 we recall the standard weak lens approximations. The geometry of the Kerr spacetime is presented in section 4. The calculation of the constants of motion in terms of the observed angles is done in section 5 as well as the particular construction of the observational frame. In section 6 we present our main results of the calculation of the Weyl curvature component Ψ0. As an application we show in section 7 the comparison of the exact numerical calculation of the shear with the first order weak lens approximation. We also include few appendices for completeness of the presentation.
EXACT GRAVITATIONAL LENS OPTICAL SCALARS

Null geodesics and the geodesic deviation equation
Weak lensing effects deal mainly with the deformation of images of objects that are behind some distribution of matter or geometry, the lens. Typically one encodes this deformation in the optical scalars that describe expansion, shear and twist of the images. All these are related to the behavior of null geodesics in the vicinity of a particular ray. From the mathematical point of view, then, they are described in terms of the geodesic equations and the geodesic deviation equations that we recall below. By exact gravitational lens optical scalars we mean the exact calculations of the effects described above. This should not be confused with the usual approximations that only take into account the first order effects of the curvature of the lens over some background.
Let us then consider an infinitesimal small bundle from a congruence of null geodesics starting at the source and reaching the position of the observer. The affinely parametrized tangent vector field a to the central geodesic of such bundle satisfies the geodesic equations a ∇a b = 0;
(1)
where we are using the standard abstract index notation with Latin letters a, b, c, ... Following the notation in Boero & Moreschi (2018) , the freedom concerning the specifications of the affine parameter λ is set by taking it to be zero at the position of the observer and scaled in such way that if v a denotes the 4-velocity of the observer it satisfies a va = 1.
(2)
Local distortions of the cross section of the bundle can be described by means of the geodesic deviation vector, denoted by ς a , which has spacelike character, namely ς a ςa < 0 (with our choice of metric signature (+, −, −, −)) and satisfies L ς a = 0;
( 3) i.e. it is Lie propagated along the null congruence. From equations (1) and (3) one deduces that it also satisfies the geodesic deviation equation
where as usual R d abc denotes the Riemann tensor of the spacetime.
For future calculations along the article, we will employ these equations expressed in terms of the components of a null tetrad ( a , m a ,m a , n a ); where m a andm a is a pair of complex conjugated vectors and n a an additional real null vector. The two complex vectors m a andm a will be chosen to be parallel propagated along the geodesic. The choice of tetrad is related to some nice algebraic properties 1 which will become convenient in the calculations of section 6.
The fourth tetrad vector, n a is picked up in such way that the tetrad satisfies the relations:
m am a = − 1;
with all the other possible contractions being zero. The geodesic deviation vector then can be expressed as ς a = ςm a +ςm a ;
and it is convenient to define the two component array X by:
since, following standard proceduresGallo & Moreschi (2011); Boero & Moreschi (2018) it satisfies the following equation
which is equivalent to the geodesic deviation equation (4), where the matrix Q is
whose elements are the curvature scalarsGeroch et al.
:
and
Here R ab and C abcd denote the Ricci and the Weyl tensor respectively, and as usual we denote with¯the complex conjugation.
1 Let us note that this will have as a consequence that the spin coefficientGeroch et al. (1973) vanishes.
Exact geodesic deviation equations as a first order system
Any procedure to find exact solutions of the equation (9) requires to solve simultaneously the geodesic equation (1) in order to provide the path of integration. Since the calculations are normally carried out by numerical techniques, it is convenient to have at hand a representation of the geodesic deviation equations as a first order system. This is recalled next.
one obtains
with
In terms of the components, one can also express these equations as:
Exact gravitational lens optical scalars
Although it is customary in any discussion of weak lensing to assume some kind of approximation either in the calculation, or in the nature of the spacetime, or both; we here would like to rescue the notion of exact optical scalars, to which approximations can be applied. The notion of the optical scalars comes from the comparison between the non-lensing situation (i.e.: no gravity, and so flat geometry), with the lensing observation due to the curved nature of the spacetime.
The language that one uses is the following. If a small portion of the source is observed to have an angular size characterized by a vector δθ a and δβ a is the angular size that one would observe in the 'absence' of the lens, then we can write the linear relation
where the matrix A a b is the differential map between the two sets of angles in the sphere of observed directions. In figure (1) below we present an sketch and define the quantities that are normally used in this discussions.
The general form of the matrix can be expressed in terms of the optical scalars (κ, γ1, γ2, ω) by:
where κ denotes the expansion, γ1 and γ2 are the components of the complex shear γ1 + iγ2, and ω has the information of the twist. Figure 1 . This graph shows the basic and familiar angular variables in terms of a simple flat background geometry. The letter s denote sources, the letter l denotes lens and the observer is assumed to be situated at the apex of the rays.
Let us notice that when an observer sees an angular size δθ a , which, after integrating the previous geodesic and deviation vector equations, corresponds to a deviation vector ς a s at the source; then, since β a = ς a s /λs, with λs ≡ λ observer − λsource, the matrix of the optical scalars relates these quantities as:
The magnification of the observed images is given by the inverse of the determinant; which is:
STANDARD WEAK LENSING APPROXIMATIONS
For the sake of completeness we recall in this section the standard weak lensing equations that we will use along with other related approximations.
General expression for the optical scalars in the linear approximation
The standard weak lens approximation involves the assumption that only linear curvature effects are considered in the calculations. In this case one can prove that there are no twist effects, so that the weak lens matrix can be expressed as:
Correspondingly the magnification is expressed as:
.
Let us note that although in this framework one is considering linear contributions coming from the curvature, it does not mean that large distortions such as arcs and rings can not take place. In fact, such impressive distortions can be well described in these approximations and are usually referred to as strong lensing effects which might be confusing since even though the distortions are strong, the effects are computed in a weak field regime of the lens distribution.
Applying the techniques and notation of reference Gallo & Moreschi (2011) one can express the convergence and shear in terms of the curvature scalar Φ00 and Ψ0 of the lens, respectively in the following way:
It is important to remark that these expressions are manifestly gauge invariant, since one is considering departures from a flat background, and the linear curvature is gauge invariant in this case. Also one is considering contribution from the whole curvature and therefore from the spacelike components of the energy-momentum tensor as well.
The standard thin lens approximation
It is often the case that the lens can be assumed to be thin. In those circumstances one can proveGallo & Moreschi (2011) that the optical scalars can be expressed by
are the projected curvature scalars along the line of sight, and where d l denotes distance from the observer to the lens, d ls the distance from the lens to the source, and ds the distance from the observer to the source. (See figure (1) .)
The thin lens approximation in the cosmological context
If the lens, which could be our Kerr black hole, is immersed in a cosmological background, then one has to rethink all the calculations; since now the background is not flat. In reference Boero & Moreschi (2018) we have extending this setting to the case in which the background is a Robertson-Walker cosmology; so that one can consider, for example a lens that in its vicinity resembles the Kerr geometry, but that asymptotically behaves as a Robertson-Walker spacetime. In this setting one must assume that the typical size of the lens is much smaller that the cosmological dimensions involved. We have also allow in Boero & Moreschi (2018) for the lens to be moving with respect to the cosmological background. Then, for this general case, we have shown that the expressions for the optical scalars are:
where κc is the contribution for the convergence coming from the cosmological background, zv is the redshift of the lens, z l is the cosmological redshift at the lens position, DA l denotes area distance from the observer to the lens, DA ls the area distance from the lens to the source, and DA s the area distance from the observer to the source.
KERR SPACETIME
The metric in Boyer-Lindquist coordinates
The line element of the Kerr metric in the Boyer-Lindquist coordinateBoyer & Lindquist (1967) system (t, r, θ, φ) is given by:
where M and a are the mass and rotation parameter respectively, and the functions Σ(r, θ), ∆(r) and Φ(r, θ), are defined as
The repeated principal null directions
In our work we benefit from the fact that the Kerr metric is type D, meaning that it has two principal null geodesic congruences. It is then possible to choose a null tetrad in which two of the null vectors are parallel to these two principal null directions. This turn out to be useful when we later introduce a null tetrad adapted to the null geodesic that one considers in the weak lens analysis, in particular when dealing with the deviation geodesic equation (9). Denoting by ˜ ,m,m,ñ a , we take˜ a as the real outgoing principal null vector, with affine parametrization, while the other real null vectorñ a is chosen so that it is parallel to the second (in going) principal null direction. In terms of Boyer-Lindquist coordinates, a common choice for such a null tetrad is the following one Chandrasekhar (1985) :
where the complex function r is defined as:
and ∂x ≡ ∂ ∂x . If we lower the indices the expressions becomẽ
and one can easily corroborate the normalization conditions, namelỹ añ a = 1;
The metric then can be written as
Since the chosen null tetrad includes both of the principal null directions, the curvature is expressed in terms of a single scalar, namelyΨ2; which is the Weyl null tetrad component of spin weight zero. Then, the Weyl curvature scalar Ψ0 of equation (9) (in the null frame adapted to the photon trajectory) must be proportional to this only non-vanishing Weyl scalar which is given by:
The proportionality factor will be directly computed due to a close relation with the intervening Carter's constant and will be shown in section 6.
The null geodesic equation
It is well known that in Kerr spacetime, the geodesic equation can be expressed as a system of first order differential equationsCarter (1968); Walker & Penrose (1970) ; due to the existence of four constants of motion. In Boyer-Lindquist coordinates, the system of equations for the components (ṫ,ṙ,θ,φ) = ( t , r , θ , φ ) of a , are:
where the functions R and Θ are defined as
and E = g(ξt, ) and Lz = −g(ξ φ , ) are the conserved energy and the angular momentum component of the photons, with respect to the Killing vectors ξt ≡ ∂ ∂t and ξ φ ≡ ∂ ∂φ , while K denotes Carter's constant which can be expressed as:
where˜ a andñ b are the principal null vectors presented above.
It is also useful to have at hand the expression of the geodesic co-vector a, namely:
Let us note that due to our choice of parameterization (2), and that at the observer position we are interested in 'lensed' light rays, one haṡ
where we use the subindex o to indicate at the observer position.
We think of the observer to be at a spacetime event po, with four velocity v a , at the moment in which an astronomical picture is taken in some direction. Each null geodesic in the bundle reaching his/her camera is completely determined by the constants E, Lz and K; mentioned above. In other, words, these constants are related to the position and to the angular coordinates in the sky used by the observer. These relations are studied next.
THE CONSTANTS OF MOTION IN TERMS OF OBSERVED ANGLES
We intend our work to be of practical use in astrophysical studies, and therefore we will provide relations between the observed angles and observer position with the quantities appearing in the formalism. Then, in this section we establish the relations between the constants of motion of the null geodesics with the observed angles with respect to a center in the sphere of directions. We define it, recurring to the center of mass null geodesicArgañaraz & Moreschi (2019) passing through the observer position and directed to the tilted black hole with angular momentum J = aM . This in turn provides a relation between the natural frame defined by the observer with that given by the Kerr geometry. We choose the observer to have a stationary motion, which assigns to the lens a position (x l , y l , z l ) = (0, d l , 0) in a local Cartesian system where the y direction is associated to the spacelike projection of the center of mass null geodesic. In this frame, one is led to define a notion of tilted angle for the black-hole since for an arbitrary position of the observer, the rotation axis will appear tilted an angle ι, towards the observer, with respect to the local z-direction in the frame of the observer. Since the spacetime is not flat, the observer is only allowed to use this notation in its tangent spacetime; however this is a practical concept suitable for all astrophysical observations. Below we will give a precise geometrical meaning to these concepts just mentioned.
Relation of the observer frame with
Boyer-Lindquist frame
In the following we prescribe our particular choice of tetrad (T a , X a , Y a , Z a ) for an observer at the event (to, ro, θo, φo), given in Boyer-Lindquist coordinates. Due to axial-symmetry, and the periodic nature of coordinate φ, we are free to choose φo; in our setting we will take φ0 = − π 2 . We will choose this tetrad in such way that the direction Y a points out to the 'center'of the black-hole. Our specific choice of tetrad is described next.
First of all, we define an orthonormal tetrad of Boyer-Lindquist system (T a ,R a ,Θ a ,Φ a ), given by:
For future reference let us note from the last equation one deduces
Lowering the indices one haŝ
Our first element T a for the observer frame is
The spacelike direction Y a , as we said before, will point to the 'center' of the black-hole. But, since the black hole has angular momentum, it is not immediate what should be considered the 'center' direction. Furthermore, since in general, the observer will see the black-hole as tilted an angle ι, the shape of the black hole as seeing by the observer, will not have a symmetric form. The correct way to choose this 'center' is to identify the direction of Y a with the spacelike direction of the unique null geodesic that belongs to the center of mass(cm) null congruence, as described in the work Argañaraz & Moreschi (2019) . This congruence is represented by the directions (50) -(53) where Lz = 0 and the function Kcm(ro, θo) has been numerically calculated in Argañaraz & Moreschi (2019) . We denote the function K in Argañaraz & Moreschi (2019) as Kcm, to take into account the fact that there the parameter E was chosen to have the unit value.
In those studies, it comes naturally the sugges-tionMoreschi (2018) to definek from the relation
whereK is the function Kcm in the limit for the mass M → 0, and is:
Suppose one would like to apply the above equations to the case of the supermassive black hole in the center of our galaxy. Its mass is about M = 8.2 × 10 36 kg; which in units of length is G c 2 M = 6.674×10 −11 (3×10 8 ) 2 8.2 × 10 36 m = 6.08 × 10 9 m. While its distance is about d = 26000ly = 2.46 × 10 20 m; so that approximately d = 4.04 × 10 10 M . For other black holes of mass m in the galaxy one would have masses m << M . While for other supermassive black holes in the cosmos at distance D, one would have D >> d . We conclude then, that for black holes of astrophysical interest of mass M and angular momentum a, they will normally be at distances satisfying d > 10 10 M . Then, in (71) we can make the approximation
that is, we can just use the unit value for all practical astrophysical applications. So that we conclude that in astrophysical applications one can useK(r, θ) ∼ = a 2 sin(θ) 2 ; for the value ofK at the observer position. By inspection in the numerical calculations of Moreschi (2018) , we see that the maximum numerical value ofk at ξ1 = 1.220703E−03 iskmax(ξ1) = 7.254817E−09; where ξ = 1/r (For a unit mass black hole.). Recalling the astrophysical situation mentioned above of an observer at an approximate radial position of d = 10 10 m; it is deduced that, assuming a linear interpolation, at the observer position ξ(d) = 10 −10 one would havekmax(ξ(d)) =kmax(ξ1)ξ(d)/ξ1 = 5.94314E − 22.
Taking into account the previous discussion onK, for large values of the radial coordinate, we conclude that in astrophysical applications one can use
at the observer position, where δ/m 2 = O(10 −20 ). In terms of our setting, if we observe (52) we see that Ko cm = E 2 Kcm; so that we take the working value of Ko cm , for the reference center of mass null geodesic, at the observer position to be Ko cm = E 2 a 2 sin(θo) 2 ;
where θo is the value of the coordinate θ at the observer position.
Regarding the angular coordinate of the observer, if we denote withθ the standard azimuthal angle in spherical coordinates, in the limit for the black hole mass M → 0; then, we also deduce that at this location, one has θo = θo + d ;
with d = O(10 −10 ). This is closely connected to the inclination of the axis of the black hole as seen by the observer.
Since the spacetime is curved and the observer is supposed to be at a finite distance, one has to agree in the notion of the tilted angle of the black hole. In particular, it should not be tied to a local coordinate; but we have just seen that the Boyer-Lindquist coordinate θo and the flat background coordinateθo, agree with high precision for astrophysical observations; for this reason, if the observer is at the angle θo, we employ
as an exact expression for the tilted angle in astrophysical use. Let us note that from equation (52), one has for all practical purposes,θ = 0 at the observer position for the cm geodesic.
Therefore, equations (51) and (53) led us to take
where Rcm is given by
and Ny is a normalization factor given by
We have employed here Rcm instead of Ro to emphasize that we are considering the function R in (54) at the observer position but taking Lz = 0 and K = Ko cm . We make this note at this point since in the next section we will use Ro to mean a general position (ro, θo), with Lz = 0 and general K for null geodesics reaching the observer. We choose at the observer position either
or
where the base vectors of the Kerr geometry are also assumed to be evaluated at the observer position. It can be seen that choosing one of these two base vectors the other is completely determined by the conditions of orthonormality and orientation.
For further calculation we also include the lower index expressions of the observer frame given by
Let us realize that, with this choice of tetrad the plane orthogonal to the line of sight is expanded by the directions X a and Z a . In particular, it will be natural to use the angles (αx, δz) in the observed images, which represent the departure from a preferred direction, namely the center of mass one. Assuming a flat geometry, the observers will assign the cartesian coordinates:
zs ≡λs cos π 2 − δz .
to a point like object situated at an affine distance λs. We discuss in more detail the observed angles in the next subsection.
Angular coordinates of the null geodesics as seen in the observer frame
At the place of the observer, let us consider an orthonormal frame, namely (T a , X a , Y a , Z a ) as described above. The observer is assumed to be stationary with respect to observers at infinity; so that its own velocity is
Let us note that from (2) one has
which indicates that
Note that, in order to simplify the reading, we have not used a subindex for the constant E since it only depends on the observer position and therefore it is the same for all geodesics in the past null cone of the observer. We define the angular coordinates in the sphere of directions of the observer, namely (αx, δz), in the following way. For a null geodesic a reaching the observer we set:
In particular, for (αx, δz) = (0, 0), the observer will be pointing the telescope to a direction that we take as that of the center of mass null geodesic, passing through the observer position; explained above. Therefore, a null geodesic vector a can be written in the tangent space of the observer as
Employing the reference frame (T a , X a , Y a , Z a ) of the observer and the angular coordinates (αx, δz) we can also consider a null tetrad of the form described in section 2.1 which is adapted to the null geodesic a itself. In fact, we take the null vectors (n a , m a ,m a ) as follows:
This choice has the property that when evaluated at the center of mass null geodesic, the complex null vector m a is orthogonal to Y a , and also it agrees with the conventions as given in Boero & Moreschi (2018) .
A null tetrad along the geodesic characterized by (αx, δz), coming from the source, is obtained by parallel transporting the four vectors, defined above at the observer position. Let us note that, in fact, this is the null tetrad that we use in order to compute the curvature scalars which appear in the geodesic deviation equation in the exact lensing calculations.
Relation between the constants of motion and the observed angles
Now we are ready to relate the angular variables (αx, δz) for an arbitrary null 'lensed' geodesic reaching the observer with the constants of motion. Using expressions (91 -93) we obtain
These are the exact relations linking the observed angles (αx, δz) to the constant of motion K ≡ K(αx, δz), Lz ≡ Lz(αx, δz) and E.
For practical purposes it is worthwhile to know the behavior of equations (98-99) when the position of the observer is such that M/r0 1 and also a/r0 1. In addition one will be dealing with |αx| 1 and |δz| 1 and therefore:
Since the argument in this square root can not be negative, we can define a quantity d 2 so that K is expressed as
from which we obtain
and we also see that one must have d 2 α 2 x ; due to the triangular relation, since d 2 ≈ α 2 x +δ 2 z represents the angular distance to the reference center of mass direction.
These expressions for small angles in the asymptotic region are similar to those found by Chandrasekar in its discussion of geodesic motion in Chandrasekhar (1985) .
Expressing the constant of motion in terms of the observed angles, one has
where it could be remarked that δzro/M > 1.
CALCULATION OF THE LENSING CURVATURE COMPONENT Ψ0 IN KERR SPACETIME
Let us recall that since Kerr geometry is a vacuum solution, the curvature matrix appearing in equation (10) is completely determined by Ψ0.
Here we show how to obtain an exact expression for the Weyl scalar Ψ0 without the need to know explicitly the null tetrad adapted to the geodesic motion of photons (as described in section 5) along the whole trajectory, but only at the position of the observer, and so avoiding the lengthy computation of contractions in equation (12). The simplicity of the result constitutes a curious although useful improvement on the literature of gravitational lensing on Kerr spacetime; in particular to pioneering work such as Pineault & Roeder (1977a,b) .
Relations between the principal null tetrad and the null tetrad adapted to the photons
Let us start by recalling that Ψ0 must be proportional tõ Ψ2 due to the fact that Kerr is algebraically type-D. The proportionality function depends on a Lorentz transformation between the two null tetrad involved in the definitions of both curvature scalars. A restricted Lorentz transformation (see appendix A) between the principal null tetrad (˜ a ,m a ,m a ,ñ a ) and ( a , m a ,m a , n a ) has the form:
being Z and s real functions and Γ and Λ complex ones. Restricted Lorentz transformations preserve the choice of orientation on the spacetime; i.e. the sign of the volume element abcd ; and therefore we have taken care of this fact previously in our choice for the principal null tetrad. Let us realize that for distant observers the null vector a and the complex null vector m a behave as
with E = 1 + O( M ro ), while the null vectors of the principal null tetrad˜ a andm a behaves as
That is, in the asymptotic region one has that: a ∝˜ a and m a ∝ −im a and so the relations (106)-(108) can be applied in a consistent way. The transformation (106)-(108) induces a change in the curvature scalars; in particular, for Ψ0 we obtain the following:
We observe that an exact knowledge of Ψ0 just requires to compute the product ZΛe is . The following re-sultChandrasekhar (1985); Walker & Penrose (1970) (equation (12) of section §60 Chapter 7) which holds for all vacuum algebraically type-D spacetimes, allow us to do it in a relatively easy way: Theorem 6.1 If a is an affinely parametrized null geodesic vector and k a an orthogonal vector to a which is parallelly propagated along it; then, in a vacuum type-D spacetime the following quantity is conserved along the geodesic: (114)
Taking a as the affine null geodesic of interest, then the vectors a , m a andm a of our null tetrad ( a , m a ,m a , n a ) adapted to the photon paths, satisfy the hypothesis of the theorem.
When we consider the conserved quantity K (m) associated with k a = m a we remarkably found that the constant of the theorem has a key expression which help us to obtain Ψ0: Corollary 6.1 For a restricted Lorentz transformation of the form (106 -108) the conserved quantity along null geodesics K (k) of theorem (6.1) vanishes for k a = a and k a =m a ; this is:
and has the following value for k a = m a :
and therefore the Weyl curvature scalar Ψ0 is
It should be emphasized that this corollary is valid for all vacuum spacetimes of type D. When we apply this to Kerr spacetime then we obtain:
Corollary 6.2 In Kerr spacetime the curvature scalar Ψ0 appearing in the geodesic deviation equation (9) has the following expression in terms of Boyer-Lindquist coordinates:
where r = r(λ), θ = θ(λ) and K (m) is the conserved quantity of Corollary 6.1 This is a remarkably simple an exact expression for the curvature in terms of a null tetrad adapted to the trajectory of the photons on the Kerr spacetime. In particular, it will become extremely useful in the combined numerical integration of the geodesic and geodesic deviation equations.
It is probably worthwhile to realize that the constant K (m) has spin-weight 1, since m a is an element of our adapted null tetrad, which is consistent with the fact that Ψ0 is a spin-weight 2 quantity.
The constant K (m) has been employed for the study of electromagnetic polarization in Kerr since it is related to a parallel transported pair of complex null vectors (m a ,m a ) (see for example Chandrasekhar (1985) ); here we show that it is also related to the components of the curvature that describes the optical scalars in weak lens studies.
Relation between the constant K (k) and
Carter's constant K
In this subsection we mention a useful connection between the constant K (k) and Carter's constant K, which has been discussed and proved in Chandrasekhar text-bookChandrasekhar (1985) only for real vectors. Here we extend its validity for the complex vector m a , that is when K (k) = K (m) . First, let us recall the resultChandrasekhar (1985):
Theorem 6.2 A null geodesic, with affine tangent vector a , in any vacuum type-D spacetime allows the integral of motion
The relation between the constant K0 of this theorem and the Carter constant K which is present in the equations (50 -53), and given by (56), is simply a rescaling by the mass of the spacetime appearing troughΨ2, that is
Let us note that the Carter constant has the advantage of being independent of the mass, and consequently it has meaning even in the limit when M → 0; as it appear in the equations of geodesic motion (51)-(52). For a real vector k a orthogonal to a and parallel propagated along the geodesic one has the following the-oremChandrasekhar (1985): Theorem 6.3 If a is a null affine geodesic vector and k a a real vector orthogonal to a and parallel propagated along the geodesic then the constant K0 of theorem (6.2) is proportional to the square of the modulus of the constant K (k) along null geodesic. The proportionality is given by
It should be remarked that there is an obvious typo in the last line of equation (34) of page 324 of reference Chandrasekhar (1985) ; which it can be deduced from the penultimate line of the same equation; that is the last line has an extra factor of 2 and using our notation for the vectors it should just be K (k) K (k) = −2|Ψ2| −2/3 ( ·m)( ·m)|k| 2 .
In our applications we have considered K (m) where m a is a complex null vector and so the above theorem is not directly applicable to K (m) since it assumes k a to be a real vector. However, we can make use of it by noting that one can always write
with x a and y a two spacelike vectors orthogonal to a satisfying: x a xa = y a ya = −1 and x a a = y a a = 0. Then, since we have required m a to be parallel transported along the null geodesic both x a and y a are parallel transported as well. From theorem (6.1) this implies that
while
Then, from theorem (6.3) one arrives at: Corollary 6.3 Let a is a null affine geodesic vector and m a a complex null vector, of the form (123), orthogonal to a and parallel propagated along the geodesic. Then the constant K0 of theorem (6.2) is proportional to the square of the modulus of the constant K (m) along the null geodesic. The proportionality in such case is given by
This is a very simple expression relating K with the modulus of K (m) . In what follows we will avoid the subindex in K (m) and we will just write K.
The exact computation of K
The constant K is given from equation (114) 
where the intervening contractions are:
Φoa sin(θo) ro(1 − Φo)
These allow for the exact computation of the constant K in terms of the position of the observer and the angles chosen, in the sphere of directions, for the observed null geodesic. 
and then
It is interesting to see that this expression satisfies equation (126).
In this we arrive at the main result of this section, since
we can now express the curvature scalar Ψ0; which, taking into account (119), is:
Let us note that all the coordinate dependence of Ψ0 appears in the denominator of the first factor.
NUMERICAL CALCULATIONS OF THE OPTICAL SCALARS
In this section, just to give an application of the efficient expressions, we present the calculation of the differences from the exact numerical calculation of the optical scalars, as explained in section 2, with the thin lens first order weak lens expressions given by (30) and (32); for a particular case of a not moving Kerr lens.
Thin and weak lensing of Kerr spacetime
In this subsection we describe the trajectory of the photons in terms of the observed angles, as used in the numerical calculation of the weak lens effects at first order. We recall that in such approximation, the convergence κ vanishes since Kerr is Ricci flat and therefore the only-non trivial optical scalar is the shear which is given by:
The above integral is prescribed along null geodesics of Kerr, however, usually the integration is done along the straight path that photons would follow on the flat background.
Let us denote with (x, y, z) the Cartesian coordinates used by the observer to describe the situation, and with (x , y , z ) the Cartesian coordinates obtained from the Boyer-Lindquist coordinate system in the limit for the mass going to zero. In the calculation of weak lens effects at first order of the curvature, these two coordinate systems are related by a rotation and a translation. We would like to express the primed systems in terms of the un-primed one. First, let us consider the rotation around the x axis so that
Then, the primed system is obtained by a translation
where one can note that at the origin of the (x, y, z) system, that is at the position of the observer, one has (x = 0, y = 0, z = 0) and (x = 0, y = −d l cos(ι), z = d l sin(ι)). Then, we have
where
These relations are used to calculate r from
and cos(θ) from
7.2 Comparison of the first order weak lens approximation with the exact numerical calculation
The next graphs show the result of the computation of the shear (gamma) using the expressions for weak lens effects in first order, along with its comparison with the exact calculation on the true geodesic trajectory and geodesic deviation equation. The points of observation, in the plane of the image, have been chosen to be on a straight line at 60 degrees from the line aligned with z axis of the observer frame. The minimal α angle (x observational axis) we have considered, with respect to the center of the black hole, is of about 0.24arcsec; which corresponds to a δ angle (z observational axis) of about 0.13arcsec. The geometric values of the black hole are taken from the M87, also known as Virgo A or NGC 4486. It is one of the most massive galaxies close to us, located at a distance of 16.7 million parsecs (Mpc) with a jet that extends at least 1500 parsecs. The total mass is about 2.4 × 10 12 solar masses. The black hole we are interested in is the supermassive black hole at the center of M87, with mass of M = 6.7 × 10 9 solar masses. The angular momentum of this black holes, according to Feng & Wu (2017) , can be characterized by a Kerr parameter of a = 0.98M ; which we have used in our calculations. For the sources we will assume them to be located at 40Mpc. For our calculations we have also assumed the angular momentum to be tilted an arbitrary angle ι = π 6 towards the observer; which does not coincide with the estimated inclination of the supermassive black hole in M87.
The exact numerical calculation is carried out using a Runge-Kutta routineBrankin et al. (1995) using the high order (7,8) pair. The first order weak lens shear was calculated using a flat background geodesic, dividing the region of quadrature in three: before the lens, across the lens, and after the lens. The regions where adjusted to optimize the results of each quadrature, and the sum of them. The quadratures were calculated using a 7th order routine, although a Clenshaw-Curtis type methodC.W. Clenshaw & Curtis (1960) with Chebyshev approximation was also tested. In figures 3 and 4 we show the values of γ1 and γ2, calculated in the thin lens approximation, along with the corresponding relative errors with respect to the numerical calculation of the exact equations with high precision.
As expected in this range of observational angles, it can be seen that there is an impressive good agreement between the first order weak lens calculations and the exact calculations.
In a separate article we plan to make a detailed study of all maps of the optical scalars, explaining extensively how to improve at each instance for efficient calculations and control errors.
Optical scalars maps for weak lensing in Kerr spacetime
In figure 5 we show the ellipticity map for the same M87 system in a range of angles in which the Einstein ring appears. Figure 6 shows a 3d graph of the numerical calculation of the magnification map for the M87 system. For these parameters and this range of angles, one can not notice the effects due to the spinning of the black hole; due to the fact that for this combination of lens and source distances, the Einstein ring is located in a region where the rotational effects are small.
FINAL COMMENTS
This article presents a detailed discussion of gravitational lensing in Kerr spacetime. The main focus is the calculation of the optical scalars appearing in lens effects, and therefore the treatment is centered on the geodesic deviation equations.
The main result that we present is a surprisingly simple and compact expression for the curvature component Ψ0, which appears in the optical scalar computation, as shown in equation (119) of section 6. This should be compared with the lengthy expressions appearing in other works, as for example in equations (A.19) and (A.20) , with (A.21), used in reference James et al. (2015) in the numerical code Double Negative Gravitational Renderer (DNGR), which were used in the calculations of images of a Hollywood movie; see also reference Pineault & Roeder (1977a) . Our expressions show a the notorious simplification providing a great improvement in the efficiency of computation of the lens effects. Figure 5 . Elliptical deformation. This graph shows distorted ellipses corresponding to circular sources behind the lens distributed in a polar grid. The elliptical deformations increase from the exterior towards the center; and it is dominated by the huge deformation occurring near the Einstein ring. Within the inner region it is notorious the demagnification. Figure 6 . Magnification. This graph shows the shape of Einstein ring at the scales explored.
We arrived at these new results by using all the power of the hidden symmetries of vacuum type-D space-timesChandrasekhar (1985); Walker & Penrose (1970) . One important aspect is the introduction of a natural frame for the photon trajectory and its relation with a principal null tetrad frame. Another main ingredient is the explicit calculation of the constants of motion in terms of the angles, as seen by an observer; which allows for an immediate application of our expressions to observational works.
We have also presented as an application a numerical study of the systems of equations in the case of weak lensing for a lens with mass, spin and distances corresponding to those of M87, but with an arbitrary inclination angle of ι = π 6 , as an illustrative example for our study. The graphs above, (figures 5 and 6), show the ellipticity and magnifications maps in a range of angles in which the outer caustic is noticeable; although the angular momentum contribution from the black hole is not detectable; since the distance chosen for the sources sets the caustics rather far from the central black hole.
Our result also is a contribution for the theoretical understanding of the gravitational lens problem for black holes with angular momentum; since we have proved, when comparing the first order weak lens model with the exact calculation, that the simple model based on calculation on a straight geodesic of the natural flat background, gives excellent results; and therefore one can avoid the use of complicated bending angle models based on 3-dimensional set of linesRenzini et al. (2017) . Let us emphasize that our discussion does not use the notion of bending angle at all; since instead we use the exact geodesic deviation equations.
We have also introduced a new way to refer to what one considers the direction, in the sky, that points to the center of a black hole with angular momentum. Of course, at first sight the notion of center of the black-hole is puzzling, among other things this is due to the fact that the singularity can be interpreted as a ring which is hidden to the sight of the observer and since the shadow has no center of symmetry. The standard reference direction has been to use the one associated to an orthogonal frame constructed from the coordinate directionsChandrasekhar (1985) at the position of the observer. Instead, our criteria for making a choice has been to take the spatial directions with respect to the direction of the null geodesic passing by the observer and pertaining to the center of mass null geodesic congruence as developed in Argañaraz & Moreschi (2019) , for any assumed position of the observer.
The equations presented here will be useful for detailed calculations of gravitational lens effects in the strong regime of black holes with angular momentum, as those studied by the Event Horizon Telescope CollaborationAkiyama et al. (2019a,b,c,d,e,f) ; which we plan to carryout in the near future. m a = m a + Λñ a e is + Γ Z ˜ a +Λm a + Λm a + ΛΛñ a , (A17) n a = 1 Zñ a +Γ m a + Λñ a e is + Γ m a +Λñ a e −is + ΓΓ Z ˜ a +Λm a + Λm a + ΛΛñ a .
Is easy to see that the above equation simplify to the set (106) -(108).
A2 Expressions for the functions Z and Λ From equation (106), we observe that we can compute the Z along a null geodesic in the following way:
Similarly, from equation (106) an expression for Λ along any null geodesic is given by:
(A20) where w a + is the normalized version. Note that the eigenvectors are orthogonal only if ω = 0. In what follows we assume ω = 0.
Note that the ratio of the components for the (-) eigenvector (B7)
coincides with the ratio of the second prescription for the (-) eigenvector (B9); so that we can use any of them.
